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NEW DEFORMATIONS ON SPHERICAL CURVES AND
O¨STLUND CONJECTURE
MEGUMI HASHIZUME AND NOBORU ITO
Abstract. In [1], a deformation of spherical curves called deformation type α
was introduced. Then, it was showed that if two spherical curves P and P ′ are
equivalent under the relation consisting of deformations of type RI and type
RIII up to ambient isotopy, and satisfy certain conditions, then P ′ is obtained
from P by a finite sequence of deformations of type α. In this paper, we
introduce a new type of deformations of spherical curves, called deformation
of type β. The main result of this paper is: Two spherical curves P and P ′
are equivalent under (possibly empty) deformations of type RI and a single
deformation of type RIII up to ambient isotopy if and only if reduced(P ) and
reduced(P ′) are transformed each other by exactly one deformation which is
of type RIII, type α, or type β up to ambient isotopy, where reduced(Q) is the
spherical curve which does not contain a 1-gon obtained from a spherical curve
Q by applying deformations of type RI up to ambient isotopy.
1. Introduction
A spherical curve is the image of a generic immersion of a circle into a 2-sphere.
Every spherical curve is transformed into the simple closed curve by a finite sequence
of deformations, each of which is either one of type RI, type RII, or type RIII that
is a replacement of a part of the spherical curve contained in a disk as shown in
Figure 1 and ambient isotopies. The deformations of type RI, type RII, and type
RIII are obtained from Reidemeister moves of type Ω1, type Ω2, and type Ω3 on
knot diagrams by ignoring over/under informations near the crossing points. We
note that each of the deformations means a replacement of a part of a immersed
circle fixing the ambient 2-sphere.
Figure 1. Deformations of type RI, type RII, and type RIII
In 2001, from viewpoints of singularity theory, O¨stlund [11] raised a problem that
deformations of type RI and type RIII would be sufficient to describe a homotopy
from every generic immersion S1 → R2 to the simple closed curve. In the same
paper [11], from viewpoints of mathematical physics and topology, O¨stlund proved
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that if any Vassiliev-type function is invariant under Ω1 and Ω3, then it is invariant
under Ω2. It was an evidence to support the above problem.
In 2014, Hagge and Yazinski [2] found a counterexample to this problem with
16 double points. Recently, in [6], Takimura and the second author of this paper
obtained a counterexample with 15 double points and infinitely many counterexam-
ples, and they further showed that there exist infinitely many equivalence classes of
spherical curves under the relation consisting of deformations of type RI and type
RIII up to ambient isotopy. For more details, see [7]. However, their arguments
work for a restricted class of spherical curves. It is still difficult to detect whether
a given pair of spherical curves are equivalent under the relation consisting of de-
formations of type RI and type RIII up to ambient isotopy. In [1], a deformation of
spherical curve, called deformation of type α (Figure 3) which is a combination of
deformations of type RI and type RIII, was introduced and it was shown that if two
spherical curves P and P ′ are equivalent under the relation consisting of deforma-
tions of type RI and type RIII up to ambient isotopy, and satisfy certain technical
conditions, then P ′ is obtained from P by a finite sequence of deformations of type
α. In Section 2 of this paper, we introduce another type of deformations of sperical
curves, called deformation of type β (Figure 4). The main result of this paper (The-
orem 1) shows that the three deformations (deformations of type RIII, type α and
type β) are used to describe the equivalence class. For the statement of Theorem 1,
we introduce one terminology.
A spherical curve Q is called RI-minimal if Q does not contain a 1-gon. For a
deformation of type RI in Figure 1, we say that the type of the deformation from
the left (the right, resp.) to the right (the left, resp.) is of type RI+ (RI−, resp.).
For a spherical curve Q, let reduced(Q) be an RI-minimal spherical curve obtained
from Q by successively applying deformations of type RI−.
Theorem 1. Two spherical curves P and P ′ are equivalent under (possibly empty)
deformations of type RI and a single deformation of type RIII up to ambient isotopy
if and only if reduced(P ) and reduced(P ′) are transformed each other by exactly
one deformation which is of type RIII, type α, or type β up to ambient isotopy.
Corollary 1. Let P and P ′ be two spherical curves. Then, P and P ′ are equivalent
under deformations of type RI and type RIII up to ambient isotopy if and only if
there is a sequence of RI-minimal spherical curves P0(= reduced(P )), P1, . . . , Pn(=
reduced(P ′)) such that Pi+1 is obtained from Pi(i = 0, 1, . . . , n−1) by a deformation
of type RIII, type α, or type β up to ambient isotopy.
We note that Kobayashi-Kobayashi [10] introduced a new invariant called a
stable double point number of pairs of spherical curves and proved that the invariant
is non-trivial in a sense by using Theorem 1.
2. Preliminaries
In this section, we introduce some terminologies, notations and facts related to
this work. We start with the following fact.
Fact 1 ([4, 9]). For any spherical curve P , any pair of RI-minimal spherical curves
obtained from P by applying deformations of type RI− are mutually ambient iso-
topic.
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A spherical curve is called trivial if it is a simple closed curve on S2. Let P be
a non-trivial spherical curve and m1, m2, . . . , mk the double points of P . Each
component of P \
(
k⋃
i=1
mi
)
is called an arc.
Definition 1 (spherical curve with dots). Let Q be a non-trivial spherical curve
with (possibly empty) specified points, {pi}
r
i=1 called dot(s) such that: each pi is
not a double point; and each arc contains at most one dot. Then, Q is called a
spherical curve with dots {pi}
r
i=1.
We note that a spherical curve sometimes denotes that a spherical curve with
dots.
Definition 2 (RI-minimal spherical curve with dots). Let Q be a spherical curve
with dots {pi}
r
i=1. We say that the spherical curve with dots {pi}
r
i=1 is RI-minimal
if the boundary of each 1-gon of Q contains (exactly one) dot.
It is easy to see that for each spherical curve Q with dots {pi}
r
i=1, we can obtain
an RI-minimal spherical curve with dots by applying deformations of type RI− for
1-gons without dots. Further it is easy to see that (cf. Fact 1) such spherical curve
with dots are mutually ambient isotopic as spherical curve with dots.
Definition 3 (connected sum). Let P (P ′, resp.) be a spherical curve with dot(s)
{pi} ({p′j}, resp.), where {pi} means {pi}
r
i=1 ({pj} means {pj}
r′
j=1, resp.). Let d (d
′,
resp.) be a sufficiently small disk with the center p1 (p
′
1, resp.) where d∩P (d
′∩P ′,
resp.) consists of an arc properly embedded in d (d′, resp.). Let d̂ = cl(S2 \ d)
(d̂′ = cl(S2 \ d′), resp.) and P̂ = P ∩ d̂ (P̂ ′ = P ′ ∩ d̂′, resp.); let h : ∂d̂ → ∂d̂′
be a homeomorphism such that h(∂P̂ ) = ∂P̂ ′ where h is an orientation reversing
or preserving homeomorphism (i.e., we consider the possibilities orientations with
respect to both S1 and S2). Then, we have a spherical curve P̂ ∪h P̂ ′ with dots
({pi}\{p1})∪({p′j}\{p
′
1}) (if r > 1 or r
′ > 1), or a spherical curve P̂ ∪h P̂ ′ without
a dot (that is a canonical shperical curve) (if r = 1 and r′ = 1) in the oriented
2-sphere d̂∪h d̂′. The spherical curve P̂ ∪h P̂ ′ with dots ({pi}\{p1})∪({p′j}\{p
′
1}) or
without a dot in the oriented 2-sphere is denoted by P♯(p1, p′1),hP
′ (or P♯(p1, p′1)P
′)
and is called a connected sum of the spherical curves P (with dot(s) {pi}) and
P ′ (with dot(s) {p′j}) at the pair of dots p1 and p
′
1 (see Figure 2). The circle
corresponding to ∂P̂ (= ∂P̂ ′) is called the decomposing circle of the connected sum.
P1 P2
p1
p2'
P1#(p1,p1'),hP2
p2
p1'
p2'
p2
Figure 2. An example of a connected sum P♯(p1, p′1),hP
′ of two
spherical curves P with dots {p1, p2} and P ′ with dots {p′1, p
′
2}. In
the right figure, the dotted circle denotes the decomposing circle
which means ∂P̂1(= ∂P̂2).
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A spherical curve P is prime if P is nontrivial and is not a connected sum of
two nontrivial spherical curves. It is elementary to show that any spherical curve
admits a prime connected sum decomposition, and hence a set of mutually disjoint
decomposing circles corresponding to a prime connected sum decomposition.
Definition 4 (deformations of type α, deformation of type β). For spherical curves
P and P ′, we say that P ′ is obtained from P by a deformation of type α, if P ′ is
obtained by replacing the part of P contained in a disk as in Figure 3. We say that
P ′ is obtained from P by a deformation of type α+ (type α−, resp.), if the number
of double points of P ′ is greater (less, resp.) than that of P . See Figure 3.
→
→
α
-
α
+
Figure 3. deformation of type α
Let 31 be a prime spherical curve with exactly three double points with a dot {p}.
Then, we say that P ′ is obtained from P by a deformation of type β+ or β+(m),
wherem is a non-negative integer, if P ′ is a connected sum P♯(q, p2)(∞
m♯(p1,p),h31),
where {q} is a dot in P , ∞m denotes an RI-minimal spherical curve with two dots
{p1, p2} obtained from a trivial spherical curve by applying m deformations of type
RI+. Then a connected sum ∞m♯(p1,p),h31 is RI-minimal spherical curve with a
dot {p2}. We say that P is obtained from the connected sum P ′ = P♯(∞m♯31) by
the deformation of type β− or β−(m).
By Definition 4, we may regard a deformation of type β±(m) as a deformation
fixing an ambient 2-sphere.
Remark. We note that α+ is expressed as a combination of a deformation of type
RI+ and a deformation of type RIII, and that β+(m) is expressed as a combination
of m+ 3 deformations of type RI+ and a deformation of type RIII.
Example. Let 41 be the spherical curve with a dot {p} as in Figure 4 (a). Then
Figure 4 (b) is the list of spherical curves obtained from 41 (with a dot {p}) by
applying β+(2) up to ambient isotopy.
Definition 5. Let P be a spherical curve. A double point d is said to be nugatory
if there exists a circle on S2 which transversely intersects P only in d (Figure 5).
Notation 1 (fc). For a spherical curve P , let fc(P ) be the number of prime factors
of P .
Let Q and Q′ be non-trivial spherical curves. Suppose that Q′ is obtained from
Q by a single deformation of type α+. Let d1, and d2 be the double points of Q
relevant to the deformation of type α+. Then we have Lemmas 1 and 2 below.
Lemmas 1 and 2 concerned with prime factors of Q.
Lemma 1. Suppose that Q is prime. Then Q′ is prime.
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→
→
β-(2)
β+(2)
(a) (b)
Figure 4. β+(2) and β−(2)
Figure 5.
Proof. For a contradiction, suppose that Q′ is not prime. Let C be a set of circles
that divides prime factors of Q′. Let D be a small (open) disk (⊂ S2) where the
deformation of type α+ is applied. We note that D is a subsurface of S2. Hence,
since Q is applied the deformation of type α+, there are d1 and d2 in D as in the
left figure of Figure 3 first. After Q′ was obtained from Q by the deformation of
type α+ within D, there are three double points of Q′ in D as in the right figure
of Figure 3. Then we claim that D ∩ C = ∅. For a contradiction, suppose that
there exists C ∈ C such that C ∩D 6= ∅. Then C ∩ (D ∩Q′) looks within D as in
Figure 6 since C ∩ (D∩Q′) consists of at most two points. However if C ∩ (D∩Q′)
is as in Case a, then there is a trivial factor for the prime decomposition of Q′, a
contradiction. If C∩(D∩Q′) is as in Case b, then it is easy to see that Q′ is a union
of more than one spherical curves, a contradiction. Hence D ∩C = ∅. Let d′1, d
′
2, d
′
3
be double points of Q′ relevant to the deformation of type α+. Since D ∩ C = ∅,
we see that d′1, d
′
2, d
′
3 are contained in a prime factor. Hence, we may regard C as
a system of decomposing circles for Q. Obviously, C gives a non-trivial connected
sum decomposition of Q, a contradiction.
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a b
Figure 6. The dotted lines and loop mean elements of C.

Lemma 2. Suppose that d1 and d2 are not nugatory. Then, fc(Q
′) = fc(Q).
Proof. Let C be a set of circles that divides prime factors of Q. Let D be a small
disk where the deformation of type α+ is applied. First we show that D ∩ C = ∅.
For a contradiction, suppose that D ∩C 6= ∅. Let C be a component of C such that
D ∩ C 6= ∅. Since Q ∩ C consists of two points, C ∩ (D ∩ Q) consists of at most
two points. Let a1, a2 be the edges of the 2-gon (hence ∂ai = d1 ∪ d2). Here, we
note that C ∩ a1 6= ∅, and C ∩ a2 6= ∅, because if C ∩ ai = ∅, then we see that a
prime factor of P decomposed by C is trivial (see Figure 7). Hence C ∩D will look
as in Figure 8. By using an isotopy along the triangle in Figure 8, we can obtain a
circle C∗ from C such that C∗∩P consists of a single transverse point di (i = 1, 2),
hence d1 and d2 are nugatory, a contradiction.
Finally, we show that fc(Q
′) = fc(Q). Let Q0 be a prime factor including d1 and
d2. Then Q admits the connected sum decomposition Q = Q0♯Q1♯ · · · ♯Qs (possibly
Q1♯ · · · ♯Qs is empty) whereQ1, . . . , Qs are prime factors. SinceD∩C = ∅, Q′ admits
a connected sum decomposition Q′ = Q′0♯Q1♯ · · · ♯Qs, where Q
′
0 is obtained from
Q0 by a deformation of type α
+ performed within D. These facts together with
Lemma 1, shows that Q′0 is prime. Therefore fc(Q
′) = fc(Q) (= s+ 1). 
C
Figure 7.
C
triange
Figure 8.
NEW DEFORMATIONS ON SPHERICAL CURVES AND O¨STLUND CONJECTURE 7
Let P and P ′ be spherical curves. Suppose that P ′ is obtained from P a single
deformation of type RIII. Let c1, c2 and c3 be the three double points of P relevant
to the deformation of type RIII. Then we have Lemma 3 below.
Lemma 3. If some ci is nugatory, then fc(P
′) < fc(P ) (in particular, fc(P
′) =
fc(P ) + 1 or fc(P
′) = fc(P ) + 2).
Proof. Note that we have essentially the following two cases.
Case 1: Exactly one of c1, c2, c3, say c1 is nugatory.
Since c1 is nugatory, P admits a connected sum decomposition P1♯∞♯P2 where P1
and P2 are obtained from P by smoothing at c1 and ∞ means ∞1 in Definition 4.
Hence fc(P ) = fc(P1) + 1 + fc(P2).
On the other hand, by Figure 9, it is directly observed that P ′ admits a connected
sum decomposition P1♯P
′
2 where P
′
2 is obtained from P2 by a deformation of type
α+. Hence fc(P
′) = fc(P1) + fc(P
′
2).
Since c2 and c3 are not nugatory, by Lemma 2, we see that fc(P
′
2) = fc(P2).
Hence fc(P ) = fc(P1) + 1 + fc(P2) = fc(P1) + 1 + fc(P
′
2) = fc(P
′) + 1. Then we
see fc(P
′) < fc(P ).
c1
→
RIII
P1
P
P2
P1
P'
P2'
Figure 9. P admits a connected sum decomposition P1♯∞♯P2,
whereas P ′ admits a connected sum decomposition P1♯P
′
2.
Case 2: At least two of c1, c2, c3, say c1, c2, are nugatory.
Since c1, c2 are nugatory, it is easy to see that c3 is nugatory also. (Recall the rela-
tionship between spherical curves with dots and connected sums as in Definition 3.)
Let ∞˜3 be a spherical curve with dots as Figure 10. Then P admits a connected
sum decomposition P1♯P2♯P3♯∞˜
3. Then fc(P ) = fc(P1)+ fc(P2)+ fc(P3)+3 since
fc(∞˜3) = 3.
On the other hand, since 31 is obtained from ∞˜3 by a deformation of type RIII, P ′
admits a connected sum decomposition P1♯P2♯P3♯31, where 31 is as in Definition 4.
Then fc(P
′) = fc(P1) + fc(P2) + fc(P3) + fc(31) = fc(P1) + fc(P2) + fc(P3) + 1.
Hence fc(P ) = fc(P
′) + 2. Then we see fc(P
′) < fc(P ).
Figure 10. ∞˜3

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Notation 2. Let P and P ′ be two spherical curves that are related by a finite
sequence of deformations of type RI and type RIII, i.e., there exists a finite sequence
of spherical curves P = P0, P1, . . . , Pr = P
′, where Pi is obtained from Pi−1 by a
single deformation of type RI or type RIII. Then, Opi denotes the deformation from
Pi−1 to Pi, and these settings are expressed by
P = P0
Op1
→ P1
Op2
→ · · ·
Opr
→ Pr = P
′.
In the reminder of this section, for the proof of Theorem 1, we prepare Claim 1.
Let Q and Q′ be spherical curves. Suppose that Q′ is obtained from Q a single
deformation of type RIII and fc(Q
′) ≥ fc(Q). Let D be a small disk where the
deformation of type RIII is applied. Let c1, c2 and c3 be the double points in Q∩D.
Since fc(Q
′) ≥ fc(Q), every cλ is not a nugatory double point (λ = 1, 2, 3) by
Lemma 3.
On the other hand, by Fact 1, there exists a finite sequence of deformations
of type RI− from Q to reduced(Q). Since c1, c2 and c3 are not nugatory, this
sequence does not affect to Q ∩ D. Then, let R be the spherical curve obtained
from reduced(Q) by the single deformation of type RIII within D.
Moreover, since the sequence consisting of deformations of type RI− does not
affect to Q ∩ D, applying the sequence of deformations of type RI− to Q′ makes
sense. Let Q˜′ be the spherical curve obtained from Q′ by applying the sequence.
Then we have following claim.
Claim 1. R and Q˜′ are ambient isotopic.
Proof. Since R is obtained from reduced(Q) by applying a deformation of type RIII,
we see that R∩D = reduced(Q)∩D, where D = cl(S2\D). Since reduced(Q)∩D =
Q˜′ ∩D, we have that R ∩D = Q˜′ ∩D.
Moreover, Q′ is obtained from Q by applying the deformation of type RIII to
Q∩D and R is obtained from reduced(Q) by applying the deformation of type RIII
to reduced(Q)∩D. Since the sequence of deformations of type RI− dose not affect
D, these facts imply R ∩D = Q˜′ ∩D.
Thus, R and Q˜′ are ambient isotopic.

3. Proof of Theorem 1
In this section, we give a proof of Theorem 1.
Proof of if part of the statement of Theorem 1.
By Remark of Definition 4, a deformation of type α (β±(m), resp.) consists
of a single deformation of type RIII and a single deformation of type RI (3 + m
deformations of type RI, resp.). This together with the definition of reduced(·)
implies if part of the statement of Theorem 1.
Proof of only if part of the statement of Theorem 1.
By the assumption, there exists a finite sequence denoted by;
P = P0
Op1
→ P1
Op2
→ · · ·
Opr
→ Pr = P
′
where {Opi}ri=1 consists deformations of type RI and a single deformation of type
RIII (Notation 2). Let j be the integer such that Opj is the deformation of type
RIII.
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By exchanging P and P ′, if necessary, we may suppose that fc(Pj) ≥ fc(Pj−1).
Hence it is clear that the next claim gives the proof of the only if part of the
statement of Theorem 1. Hence in the remainder of this section, we give a proof of
Claim 2.
Claim 2. If fc(Pj) ≥ fc(Pj−1), then reduced(P ) is obtained from reduced(P ′) by
a single deformation of type RIII, type α− or type β−.
Let D be a small disk to which Opj is applied. Let f be the generic immersion
satisfying that f(S1) = Pj−1. By definition, since D is a disk containing a 3-gon
corresponding to a deformation of type RIII, f−1(D) consists of three components
J1, J2 and J3. Then the number of components of S
1 \ f−1(D) is also three.
The three components of S1 \ f−1(D) are denoted by I1, I2, and I3. Let c1 (c2,
c3, resp.) be the double point that is the intersection of f(J2) and f(J3) (f(J3)
and f(J1), f(J1) and f(J2), resp.). Let δ be the number of the components of
Pj−1 \D = Pj−1 ∩D, where D = cl(S2 \D).
Let g be a generic immersion satisfying that g(S1) = reduced(Pj−1) such that
S1 \ g−1(D) consists of the tree components I1, I2 and I3.
Case 1: δ = 1 (i.e., f(Iλ)∩ f(Iµ) 6= ∅ and f(Iµ)∩ f(Iν) 6= ∅, where λ, µ and ν are
mutually distinct numbers in {1, 2, 3}).
Since δ = 1, we see that each ci is not nugatory. This together with Fact 1 shows
that the sequence of the deformations of type RI− from Pj−1 to reduced(Pj−1)
dose not affect D. Hence we may apply Opj to reduced(Pj−1), and SIII denotes the
obtained spherical curve.
Claim 3. SIII is RI-minimal.
Proof. By the definition of a deformation of type RIII, there is no 1-gon completely
included in SIII∩D. Since the sequence from Pj−1 to reduced(Pj−1) resolves 1-gons
in Pj−1∩D, there is no 1-gon completely included in SIII∩D. If there exists a 1-gon
on the 2-sphere, then the 1-gon intersects SIII ∩ D. Here, for example, the 1-gon
will look as in Figure 11. However, this contradicts the condition of Case 1.
D
1-gon
Figure 11.

Since the sequence of deformations of type RI from Pj−1 to reduced(Pj−1) dose
not affect D, we may apply the sequence to Pj . Then we denote the obtained
spherical curve P˜j . Hence, we see that P˜j∩D is ambient isotopic to reduced(Pj−1)∩
D and P˜j∩D is ambient isotopic to Pj∩D. Then we can apply similar arguments of
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the proof of Claim 1 with regarding Q = Pj−1, Q
′ = Pj , R = SIII and P˜j = Q˜′, it is
clear that SIII is ambient isotopic to P˜j . This fact together with Claim 3, we see that
P˜j is ambient isotopic to reduced(Pj). On the other hand, the sequence {Opi}ri=j+1
from Pj to Pr (= P
′) consist of deformations of type RI, by Fact 1, it is clear that
reduced(P ′) = reduced(Pj) up to ambient isotopy. Hence reduced(P
′) = P˜j up to
ambient isotopy.
On the other hand, since the sequence {Opi}
j−1
i=1 from P (= P0) to Pj−1 consists
of deformations of type RI, by Fact 1, it is clear that reduced(P ) = reduced(Pj−1)
up to ambient isotopy.
Recall that SIII is obtained from reduced(Pj−1) by applying Opj . This fact
together with the above shows that reduced(P ′) is obtained from reduced(P ) by a
single deformation of type RIII.
Case 2: δ = 2 (i.e., f(Iλ)∩f(Iµ) 6= ∅, f(Iµ)∩f(Iν) = ∅ and f(Iν)∩f(Iλ) = ∅, where
λ, µ and ν are mutually distinct numbers in {1, 2, 3}). Without loss of generality,
we may suppose that f(I1) ∩ f(I2) 6= ∅, f(I2) ∩ f(I3) = ∅, and f(I3) ∩ f(I1) = ∅.
• Case 2-1: g(I3) is a simple arc.
By Fact 1, there exists a sequence of deformations of type RI− from Pj−1 to
reduced(Pj−1). By the assumption: fc(Pj) ≥ fc(Pj−1), we see that c1, c2, c3 are
not nugatory (Lemma 3). Hence Pj−1 ∩D is not affected by the sequence. Then,
we apply the sequence of deformations of type RI− to Pj (⊂ S2). Let P˜j be the
spherical curve obtained from Pj by applying the sequence. Moreover let SIII be
a spherical curve obtained from reduced(Pj−1) by applying a deformation of type
RIII to reduced(Pj−1) ∩ D. Since fc(Pj) ≥ fc(Pj−1), we can apply Claim 1 with
regarding Q = Pj−1, Q
′ = Pj , R = SIII and P˜j = Q˜′, we have;
Claim 4. P˜j and SIII are ambient isotopic.
By the assumption of Case 2-1, g(I3) is a simple arc. Let E be a sufficiently small
disk completely including g(I3) and the 3-gon of reduced(Pj−1)∩D. We note that
the configuration (E, Pj−1 ∩ E) is the same as that of the right figure of Figure 3
since a simple arc connects a 3-gon in E. Hence we can apply α− to reduced(Pj−1)
in E. Then, we denote the resulting spherical curve by Sα. Then, by the definition
of α−, we have;
Claim 5. Sα is obtainded from SIII by a deformation of type RI
− performed within
E.
Furthermore, we see Claim 6 below.
Claim 6. Sα is RI-minimal.
Proof. Assume, for a contradiction, that Sα admits a 1-gon, denoted by G. By the
construction of Sα, we see that G is not completely included in D. Hence G∩D 6= ∅,
and this shows that G is as the right side in Figure 12. However, it is easy to see
that the configuration implies g(I1) ∩ g(I2) = ∅, a contradiction. 
By Fact 1, reduced(P ) = reduced(Pj−1) up to ambient isotopy. Then Sα is
regarded as a spherical curve obtained from reduced(P ) by applying a deformation
of type α− in E. Furthermore, by Claim 6, Sα = reduced(Sα). Moreover, by
Claim 5, Sα = reduced(SIII) up to ambient isotopy. By Claim 4, reduced(SIII) =
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g(I1)
g(I2)
g(I3)
G
→
α-
reduced(Pj-1) Sα
Figure 12.
reduced(P˜j) up to ambient isotopy. By using Fact 1 and the definition of the
sequence from Pj−1 to reduced(Pj−1) again, reduced(P˜j) = reduced(P
′) up to
ambient isotopy.
These facts show that reduced(P ′) is obtained from reduced(P ) by a deformation
of type α−.
• Case 2-2: g(I3) is not a simple arc.
After recalling that g(S1) = reduced(Pj−1), in this case, it is easy to show that
the arguments in Case 1 work to show that reduced(P ′) is obtained from reduced(P )
by a deformation of type RIII. Details of the arguments are left to the reader.
Case 3: δ = 3 (i.e., f(Iλ) ∩ f(Iµ) = ∅, f(Iµ) ∩ f(Iν) = ∅ and f(Iν) ∩ f(Iλ) = ∅,
where λ, µ and ν are mutually distinct numbers in {1, 2, 3}).
• Case 3-1: For some λ, µ (λ, µ ∈ {1, 2, 3}, λ 6= µ), each of g(Iλ) and g(Iµ) is a
simple arc. Without loss of generality, we may suppose that (λ, µ) = (1, 2).
By Fact 1, there exists a finite sequence of deformations of type RI− from Pj−1
to reduced(Pj−1). By the assumption: fc(Pj) ≥ fc(Pj−1), we see that c1, c2, c3 are
not nugatory (Lemma 3). Hence Pj−1 ∩D is not affected by the sequence. Then,
we apply the sequence of deformations of type RI− to Pj (⊂ S2). Let P˜j be the
spherical curve obtained from Pj by applying the sequence. Moreover let SIII be a
spherical curve obtained from reduced(Pj−1) by applying a deformation of type RIII
to reduced(Pj−1) ∩ D. By the assumption: fc(Pj) ≥ fc(Pj−1), we apply Claim 1
with regarding Q = Pj−1, Q
′ = Pj , R = SIII and P˜j = Q˜′, we have;
Claim 7. P˜j and SIII are ambient isotopic.
By the assumption of Case 3-1, g(Iλ) (λ = 1, 2) is a simple arc. Let F be a suffi-
ciently small disk completely including g(I1), g(I2) and the 3-gon of reduced(Pj−1)∩
D. We note that the configuration (F , reduced(Pj−1) ∩ F ) is as in Figure 13.
Then this figure shows that reduced(Pj−1) admits a connected sum decomposition
reduced(Pj−1)
⋆♯31, where ⋆ denotes a certain decomposition. Here, we note that
reduced(Pj−1)
⋆ may not be RI-minimal. For example, we obtained reduced(Pj−1)
as in the left figure of Figure 14. Then the spherical curve admits a connected sum
decomposition as in the right figure of Figure 14. However, since reduced(Pj−1)
is RI-minimal, we see that reduced(Pj−1)
⋆♯31 may be further decompose into
reduced(Pj−1)
⋆⋆♯∞m♯31, where reduced(Pj−1)⋆⋆ is RI-minimal. These show that
reduced(Pj−1) is obtained from reduced(Pj−1)
⋆⋆ by deformation of type β+.
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On the other hand, since SIII is obtained reduced(Pj−1) by deformation of type
RIII, it is directly obtained from Figure 13, that reduced(SIII) and reduced(Pj−1)
⋆⋆
are ambient isotopic.
These facts together with Claim 7 shows that reduced(P˜j) is obtained from
reduced(Pj−1) by a deformation of type β
−. Hence reduced(P ′) is obtained from
reduced(P ) by a deformation of type β−.
g(I1)
g(I2)
F
reduced(Pj-1)
reduced(Pj-1)
★
D
Figure 13.
g(I1)
g(I2)
F
reduced(Pj-1)
reduced(Pj-1)
★
D

1
Figure 14.
• Case 3-2: g(Iλ) is a simple arc each of the others is not a simple arc. Without
loss of generality, we may suppose that g(I1), g(I2) are not simple arcs by and g(I3)
is a simple arc.
In this case, it is easy to see that the arguments in Case 2-1 works to show
that reduced(P ′) is obtained from reduced(P ) by a single deformation of type α−.
Details are left to the reader.
• Case 3-3: Every g(Iλ) (λ = 1, 2, 3) is not a simple arc.
The treatment of this case is essentially the same as the arguments in Case 1.
The difference is;
In Case 1, we appealed the connectedness of Pj−1 \D (i.e., δ = 1), for contra-
dictions. Here we should use the condition of Case 3-3 for the connectedness of
Pj−1 \D to derive contradictions.
Then we can show that reduced(P ′) is obtained from reduced(P ) by deformation
of type RIII.
For every case, the statement is proved, which completes the proof.
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